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It is well known that the extended affine Lie algebras are natural generalizations
of the finite dimensional simple algebras, the affine Kac-Moody algebras and the
toroidal Lie algebras, etc., and the extended affine root systems are generalizations
of finite root systems and affine root systems. Depending on the classification of the
finite root systems, the extended affine root systems are classified into ten types:
type A,B,C,D,E6, E7, E8, F4, G2 and type BC. We know that semilattice plays an
important role in the study of extended affine root system. In particular, semilattices
are essential to the construction of the ten types of root systems and the study of
isomorphisms of extended affine root systems (see [1]).
In Chapter 1, we study the automorphism groups of semilattices. We prove that
the set HS = {A ∈ GL(n,Z) | Aσ ∈ S, ∀ σ ∈ S} is a subgroup of GL(n,Z), and
is isomorphic to the automorphism group Aut(S) of S, where S is a semilattice in
Rn. So we only need to study the structure of HS instead of Aut(S). We also prove
that each linear group HS contains a common normal subgroup ker∆n  and HS
is the semidirect product of ker∆n and a finite subgroup, where ∆n is the canonical
homomorphism from the general linear group GL(n,Z) to GL(n,Z2). Furthermore,
we study the structure of ker∆n and HS corresponding to some special semilattices
S. In fact, many interesting finite groups, for example, the symmetric groups, the
dihedral groups and the simple group of order 168 are arisen from the quotient group
HS/ker∆n. In the end of Chapter 1, we obtain the structure of the linear groups
over the non-similar semilattices in Euclidean spaces of lower dimensions.
Let A = C[t±11 , · · · , t
±1
ν ] be the Laurent polynomial algebra with ν commuting














A forms a Lie algebra with the following bilinear multiplications:
[αij ⊗ f, αij ⊗ g] = 0 = [αij ⊗ f, αkl ⊗ g],
[αij ⊗ f, αjk ⊗ g] = αik ⊗ Ejfg,
where i, j, k, l are distinct positive integers, f, g ∈ A. We call it gradation shifting
toroidal Lie algebra and denote by Ln(E1, · · · , En). In Chapter 2, we study the
special Zn-graded gradation shifting toroidal Lie algebra Ln+1(t1, · · · , tn, 1). We
prove that each automorphism of Ln+1(t1, · · · , tn, 1) is also Zn-graded, and deter-
mine the structure of automorphism group for this Lie algebra (see Theorem 2.2.11
and 2.2.12), which generalizes the results obtained in the paper [24].
In Chapter 3, we consider the Zn-graded automorphism group of TKK algebra
T (J (S)) corresponding to the “smallest” semilattice S =
⋃
0≤i≤n
(S0 + ei) in the
Euclidean space Rn, where S0 = 2Zn, e0 = 0(see Theorem 3.2.7). If n = 2, then
the TKK algebra T (J (S)) is the Baby TKK algebra, thus it gives the Z2-graded
automorphism group of the Baby TKK algebra. This result is a complement to
[87]. We also show that not all automorphisms of the TKK algebra T (J (S)) are
Zn-graded.
In Chapter 4, we study bosonic representations of the TKK algebra T (J (S)).
Motivated by the papers [39] and [64], we consider bosonic representation of the
Lie algebra gl2(Cq) with an arbitrary quantum torus Cq. Since the TKK algebra
T (J (S)) can be embedded in the Lie algebra gl2(Cq) with a special quantum torus,
we obtain the bosonic representation of the TKK algebra T (J (S)) and find a faithful
proper submodule from the bosonic representation for T (J (S)).
Keywords: automorphism group  extended affine Lie algebra  semilattice 
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